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Last time we looked at a symplectic quotient V//G to construct 3d field theories which
were twists of N = 4 theory. The B-twist, or Rozansky-Witten, comes from looking at

Maps(R3
dR, V//G) (1)

where dR indicates locally constant maps, and the half-twist (which is not topological)
comes from looking at

Maps(C1|1
∂̄
× RdR, V//G) (2)

where ∂̄ indicates holomorphic maps. For any space (derived stack) X we have

Maps(C0|1, X) = ΠTX (3)

is the odd tangent bundle, and hence the aboe is equivalent to looking at

Maps(C∂̄ × RdR,ΠT (V//G)). (4)

We can think of C0|1 as SpecC[ε]/ε2 where ε is odd. Now C1|1 has odd vector fields ∂
∂ε

and ε ∂
∂z

giving the A- and B-twists respectively. We have

O(ΠTX) = Ω•(X) (5)

where ∂
∂ε

corresponds to the de Rham differential, and hence it turns ΠTX into the de
Rham stack XdR whose ring of functions is de Rham cohomology. So the A-twist looks like

Maps(C× R, V//G)dR = Maps(C× R, (V//G)dR). (6)

This is related to the cohomology of the corresponding mapping spaces and has something
to do with vortices.

Recall that a classical field theory assigns to a compact manifold M the solutions to the
equations of motion on M , which is some shifted symplectic space (derived stack). Consider
in particular the solutions

EOM(Σ× (−ε, ε)) (7)

for small ε (this won’t matter in a topological theory). We find that this is an unshifted
symplectic space (derived stack). The Hilbert space Z(Σ) that the quantum theory assigns
to Σ should be given by geometric quantization of this space.

If M is a 3-manifold with ingoing boundary ∂inM and outgoing boundary ∂outM then
we get a Lagrangian correspondence

EOM(M)→ EOM(∂inM)op × EOM(∂outM) (8)

in a suitable sense. We expect this to induce a linear map

Z(M) : Z(∂inM)→ Z(∂outM) (9)
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by geometric quantization of Lagrangian correspondences. This is hard, but it is heuris-
tically how things should work.

Example Consider the local operators in 3d N = 4 theory. Z(S2) should be the geometric
quantization of EOM(S2).

In the B-twist (Rozansky-Witten theory) we have

EOM(S2) = Maps(S2
dR, V//G) (10)

and we will lose nothing by replacing S2
dR by the spectrum of its cohomology. Up to an

even degree shift, this gives T (V//G) ∼= T ∗(V//G), hence

Z(S2) = O(V//G). (11)

As David explained earlier, this should be an E3-algebra, so more or less a commutative
dga with a Poisson bracket of −2, which we have.

In the A-twist, for an open U ⊆ C×R, let BunG(U) denote bundles with a connection ω
holomorphic in C and flat in R. Consider the pure gauge case V = 0, so we are considering
maps into the cotangent bundle of pt /G, and let’s pretend that we can replace S2 with the
punctured cylinder

C = D × [−1, 1] \ {(0, 0)}. (12)

Then

EOM(C) ∼= T ∗(BunG(C)dR) (13)

which gives

Z(C) = O(BunG(C)dR) = H•(BunG(C)). (14)

The Spec of this deserves to be called local operators, or monopole operators.
What does BunG(C) look like? It looks like two G-bundles P1, P2 on a disk and an

isomorphism

f : P1 |D×∼= P2 |D× (15)

on the punctured disk, and if this were formal then we would get double cosets for G[[t]]
in G((t)). Hence local operators is the equivariant homology

HG[[t]]
• (Gr(G)) (16)

of the affine Grassmannian, and closed cells of the affine Grassmannian give monopole
operators. The Spec of this has a description in terms of the Langlands dual G∨ due to
Bezrukavnikov, Finkelberg, and Mirkovic:

HG[[t]]
• (Gr(G)) ∼= O(T ∗G∨//G∨). (17)
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This is an example of symplectic duality: it is the B-twist of a gauge theory gauged by
the dual group.

If V = T ∗W with W a representation of G instead of being zero then we get the same
story except that we use a decorated version GrW (G) of the affine Grassmannian: we look
at pairs of G-bundles on disks plus sections of the associated bundles with fiber W and
isomorphisms preserving sections away from the puncture. The equivariant homology is the
same but the convolution E3-structure is different. We expect that it is the Weyl group
invariants in a larger algebra. This matches up to computations that Tudor did in earlier
lectures.

Example Now consider 4d N = 2 theory. This has a holomorphic twist described by

Maps(C2|1, V//G). (18)

There are three residual supersymmetries ∂
∂ε
, ε ∂

∂z1
, ε ∂

∂z2
. The first is topological and gives

the Donaldson twist. I find this hard to understand. The second gives

Maps(C∂̄ × R2
dR, V//G). (19)

It is mixed holomorphic and topological, and it was introduced by Kapustin.
Let’s think about line operators in the Kapustin twist in the pure gauge case V = 0.

David will explain that line operators in a 4d TFT correspond to the category Z(S2). This
is not a topological theory: we’ll replace S2 with a punctured cylinder C (holomorphic in
the disk directions, topological in the R direction), and then

EOM(C) = T ∗[1] BunG(C) (20)

and Z(C) is a category that should be obtained from this by higher geometric quantiza-
tion. The correct definition ought to be that line operators are given by G[[t]]-equivariant
coherent sheaves on the affine Grassmannian.

Z(C) = CohG[[t]](Gr(G)). (21)

This naturally incorporates both ’t Hooft and Wilson operators, which come from cells
and vector bundles on the affine Grassmannian respectively.
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